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Abstract
The induced two-dimensional topological N = 1 supersymmetric sigma model on a differential
Poisson manifold M presented in arXiv:1503.05625 is shown to be a special case of the induced
Poisson sigma model on the bi-graded supermanifold T [0, 1]M . The bi-degree comprises the
standard N-valued target space degree, corresponding to the form degree on the worldsheet, and
an additional Z-valued fermion number, corresponding to the degree in the differential graded
algebra of forms on M . The N = 1 supersymmetry stems from the compatibility between
the (extended) differential Poisson bracket and the de Rham differential on M . The latter is
mapped to a nilpotent vector field Q of bi-degree (0, 1) on T ∗[1, 0](T [0, 1]M), and the covariant
Hamiltonian action is Q-exact. New extended supersymmetries arise as inner derivatives along
special bosonic Killing vectors on M that induce Killing supervector fields of bi-degree (0,−1) on
T ∗[1, 0](T [0, 1]M).
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1 Introduction
A differential Poisson manifold [1, 2, 3, 4] is a Poisson manifold whose bracket admits an extension
from the algebra of functions to the differential graded algebra of forms. An ordinary Poisson
structure induces a two-dimensional topological sigma model, due to Ikeda, Schaller and Strobl
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[5, 6], for which Cattaneo and Felder [7] devised an Alexandrov-Kontsevich-Schwarz-Starobinsky
[8] path integral quantization scheme that reproduces Kontsevich’s star product formula in trivial
topology [9]. As shown in [10], a differential Poisson structure induces a fermionic extension of the
Ikeda–Schaller–Strobl model, referred to as the differential Poisson sigma model, which couples
to the Poisson bi-vector as well as a compatible connection1, and that has a rigid supersymmetry
corresponding to the target space de Rham differential.
It remains to be seen whether the path integral quantization of the model yields a covariant
star product for differential forms2 that is compatible with a suitable deformation of the de Rham
differential. Indeed, McCurdy and Zumino [4] have provided a covariant deformation of the
wedge product along the differential Poisson bracket that is associative but incompatible with the
undeformed de Rham differential at order ~2, suggesting that compatibility requires a deformed
differential3. It may turn out, however, that the quantization on general background will actually
violate associativity up to homotopies, as is often the case with BRST-like symmetries in field
theory.
As the model’s local degrees of freedom are confined to boundaries, it describes quantum
mechanical particles on the Poisson manifold that are entangled via topological fields inside the
worldsheet. The Poisson sigma model was originally developed in response to deformation quan-
tum mechanics [12, 13, 14], in which the physical state of a quantum mechanical system is repre-
sented by a density matrix obeying an evolution equation. The prospect of the Liouville equation
being a linearization of a string field equation based on a suitably gauged Poisson sigma model,
which might lead to a microscopic description of quantum entanglement and dynamically gener-
ated collapses of quantum states, provides a basic physical motivation behind the current work.
In other words, topological strings not only implement the correspondence principle, whereby
classical functions are deformed into operators, but also provide a nonlinear quantum mechanical
evolution equation.
To the above end, one needs to distinguish between the gauging of Killing symmetries with
[15] and without Hamiltonians. The latter category contains the rigid supersymmetry, which
1A differential Poisson manifold also contains an additional tensorial one-form, referred to in [10] as the S-
structure.
2On general grounds, the covariant star product must be gauge equivalent in the zero-form sector to Kontsevich’s
canonical product.
3Deformed differentials play an important role in Fedosov’s construction of covariant star products of functions
on symplectic manifolds [11].
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corresponds to the de Rham differential that is supposed to give the kinetic term in the (nonlinear)
Liouville equation. As for its gauging, there are two methods available: Treating supersymmetry
as a fermionic Killing vector in target space, it can be gauged at the level of the classical action,
as was done in [16]. Alternatively, treating the supersymmetry as the Q-structure of an integrable
QP -structure, which means that it can be extended naturally to homotopy Poisson manifolds,
requires the full AKSZ machinery, and we hope to report on it elsewhere.
A related motivation is the proposal made in [17] that topological open strings and related
chiral Wess–Zumino–Witten models on Dirac cones [18] are dual to conformal field theories.
Compared to earlier holography proposals [19, 20, 21], in which the bulk side is a (string) field
theory containing higher spin gravity of Vasiliev type [22, 23], the proposal of [17] was based on the
observation that tensionless strings in anti-de Sitter spacetime behave as collections of conformal
particles, that is, on a first-quantized description of the bulk physics. Subsequent tests at the
level of on-shell amplitudes in AdS4, have shown that traces of Gaussian density matrices of the
the quantum mechanical harmonic oscillator in two dimensions describing unfolded boundary-to-
bulk propagators of massless fields [24], which one may think of as vertex operators on conformal
particle worldlines in phase space4, or, boundary vertex operators on the corresponding topological
open string, indeed reproduce the correlation functions for bilinear operators in free conformal field
theories in three dimensions [25, 26, 27, 28] 5. The current, slightly refined, working hypothesis
is that there exists a variant of Witten’s realization of Chern-Simons theory as a topological A
model [29] (see also [30]), whereby a gauging of the differential Poisson sigma model with 3-graded
Chan-Paton factors [31] (see also [32, 33]) yields the Frobenius-Chern-Simons formulation [34, 35]
of higher spin gravity.
In this paper, we shall induce the supersymmetric sigma model on a differential Poisson
manifold using a geometric approach that yields a covariant Hamiltonian action with canonical
kinetic terms. The method also applies to extended differential Poisson manifolds, whose brackets
contain components with strictly positive intrinsic form degree. We shall use the resulting
manifest target space superdiffeomorphism covariance6 to finding new extended supersymmetries
4See equation Eq. (3.161) in [17].
5The on-shell correspondence takes the form 〈O1...On〉CFT =
∑
crossings〈V1...Vn〉PSM, where Oi is a CFT
operator at a point xi with conformal label Li and Vi is a Gaussian PSM vertex operator of the form
Vi = exp(Y
TAiY + Y
TBi) where tbe matrix Ai depends on xi and Bi depends on Li. As the PSM is topo-
logical, the right-hand side does not depend on the insertion points of the Vi (along the boundary of a disc).
6The manifest superdiffeomorphism covariance is also useful in gauging Killing supersymmetries, as we hope
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corresponding to inner derivatives of the differential graded algebra of forms along special bosonic
Killing vectors.
The paper is organized as follows: In Section 2 we review the induced sigma models on ordi-
nary and differential Poisson manifolds. In Section 3 we give the geometric construction of the
supercovariant Hamiltonian action on the phase space T ∗[1, 0](T [0, 1]M) of an extended differen-
tial Poisson manifold M . In particular, the geometric origin of the new Killing supersymmetries
of negative degree is explained in Section 3.5. In Section 4 we show the equivalence to the original
action in the unextended case with vanishing S-structure, and give the component form of the new
Killing supersymmetries. We conclude and point to future directions for investigations in Section
5. Appendix A contains conventions and notation for affine connections, the Nijenhuis–Schouten
bracket and parity shifted bundles. Appendix B spells out the extension of the Cartan algebra to
vector field valued differential forms on a real manifold M , which is mapped in Section 3.1 to the
Cartan algebra on T [1, 0]M . Finally, in Appendix C we provide a manifestly Diff(M) covariant
formula for the cohomology of the Lie derivative of nilpotent vector field Q on T ∗[1, 0](T [0, 1]M),
which uplift representing to T ∗[1, 0](T [0, 1]M) of the de Rham differential on M .
2 Induced two-dimensional Poisson sigma models
In this section, we review the interplay between (differential) Poisson algebras and two-dimensional
(supersymmetric) Poisson sigma models.
2.1 Poisson algebra of functions
The Poisson algebra of functions on a real smooth manifold M is the space C∞(M) equipped
with its pointwise product, which turns it into a commutative associative algebra, and a second
bilinear antisymmetric product
{·, ·} : C∞(M)⊗ C∞(M) −→ C∞(M) , (2.1)
to report on in a future work.
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referred to as the Poisson bracket, acting as a differential in each slot and obeying the Jacobi
identity. That is, if f, g, h ∈ C∞(M) then
{f, g + h} = {f, g}+ {f, h} , (2.2)
{f, g} = −{g, f} , (2.3)
{f, gh} = g{f, h}+ h{f, g} , (2.4)
{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0 . (2.5)
The Poisson bracket corresponds to an antisymmetric bivector field Π defined by
Π(df, dg) := 1
2
{f, g} , (2.6)
obeying the Poisson bivector condition
{Π,Π}S.N. = 0 , (2.7)
where {·, ·}SN denotes the Schouten–Nijenhuis bracket for antisymmetric polyvector fields, which
is equivalent to the Jacobi identity (2.5). In a coordinate basis, we may expand
Π = 1
2
Παβ∂α ∧ ∂β , (2.8)
so that
{f, g} = Παβ∂αf ∂βg , (2.9)
and
{Π,Π}S.N. = Π
δ[α∂δΠ
βγ] ∂α ∧ ∂β ∧ ∂γ . (2.10)
Thus, the Poisson bivector condition reads
Πδ[α∂δΠ
βγ] = 0 . (2.11)
2.2 Bosonic sigma model
A Poisson manifoldM induces a two-dimensional topological field theory with configuration space
given by the space of maps
ϕ : Σ→M , (2.12)
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sending a two-dimensional compact surface Σ, with or without boundary, into M . Its classical
dynamics is governed by Ikeda-Schaller-Strobl action [5, 6] (see also [7])
S[φ, η] =
∫
Σ
ϕ∗
(
ηαdφ
α + 1
2
Παβ ηαηβ
)
=
∫
Σ
[
(ϕ∗ηα) ∧ d(ϕ
∗φα) + 1
2
(ϕ∗Παβ) (ϕ∗ηα) ∧ (ϕ
∗ηβ)
]
(2.13)
where φα and ηα coordinatize the base and fiber of the parity shifted cotangent bundle
7 T ∗[1]M
over M . The space Ω(T ∗[1]M) of forms on T ∗[1]M is a differential graded algebra whose elements
have a bi-degree given by the standard form degree and a degree (preserved by ϕ) dictated by
deg(φα, ηα; d) = (0, 1; 1) . (2.14)
Likewise, the space Ω(Σ) of forms on Σ is a differential graded algebra with degree map given by
the form degree on Σ. The sigma model map is assumed to have vanishing intrinsic degree in the
sense that
ϕ∗ : Ω(T ∗[1]M)→ Ω(Σ) , (2.15)
is a degree preserving homeomorphism of differential graded algebras, i.e. a p-form of degree n
on T ∗[1]M is sent to an n-form on Σ and ϕ∗d = dϕ∗; in particular
ϕ∗(T ∗[1]M) = ϕ∗(T ∗M)⊗ T ∗Σ . (2.16)
The action S is well-defined provided that (ϕ∗φα, ϕ∗ηα) belong to a globally defined section over
Σ, which is what we shall assume henceforth, together with suppressing the symbol ϕ∗ whenever
no ambiguity can arise.
By virtue of the Poisson condition (2.11), the action (2.13) is invariant under the gauge
transformations
δεφ
α = −Παβεβ , (2.17)
δεηα = dεα + ∂αΠ
βγηβεγ , (2.18)
7The space T ∗[1]M is obtained from T ∗M by replacing its fiber, that is, the real vector space Rm, where
m = dim(M), by the vector space R[1]m consisting of m-tuples of elements in the space R[1] of real numbers
of parity one. In general, on Zk-graded manifold M with coordinates Zi with degrees
−→
degZi ∈ Zk, the bundles
T [~m]M and T ∗[~n]M are obtained from TM := T [~0]M and T ∗M := T ∗[~0]M , respectively, by replacing their fibers
by vector spaces of the same dimension with vectorial coordinates V i and Pi with Z
k-valued degrees given by
−→
degV i =
−→
degZi + ~m (shifts) and
−→
degPi = ~n −
−→
degZi (dual shifts). In the bosonic and supersymmetric Poisson
sigma models formulated on Poisson and differential Poisson manifolds, respectively, we have k = 1 and k = 2.
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provided that εα is globally defined on Σ, and the equations of motion, viz.
Rα := dφα +Παβηβ ≈ 0 , (2.19)
Rα := dηα +
1
2
∂αΠ
βγηβ ∧ ηγ ≈ 0 , (2.20)
define a universally Cartan integrable system, i.e. dRα ≈ 0 and dRα ≈ 0 independently of the
dimension of Σ. More precisely, the gauge invariance of the action and the integrability of (2.19)
are equivalent to (2.11), while the integrability of (2.20) only requires the derivative of (2.11).
Finally, if Σ has a boundary then it is also assumed that
ηα|∂Σ = 0 , εα|∂Σ = 0 , (2.21)
as to ensure gauge invariance and that the action is stationary on-shell including boundary terms.
Strictly speaking, in the classical theory, the variation principle only implies that the boundary
condition on ηα must hold on-shell, whereas it must be imposed off-shell in the path integral in
order for the AKSZ master action to obey the BV master equation.
2.3 Poisson algebra of differential forms
A differential Poisson algebra on a manifold M [1, 2, 3, 4] is an extension of a Poisson algebra on
M from C∞(M) to the algebra Ω(M) of differential forms on M , whereby the pointwise product
on C∞(M) is replaced by the graded commutative wedge product on Ω(M), and the Poisson
bracket on C∞(M) is extended to a graded skew-symmetric map
{·, ·} : Ω(M)⊗ Ω(M) −→ Ω(M) , (2.22)
referred to as differential Poisson bracket, assumed to be compatible with the de Rham differential
and obeying the graded Leibniz rule, that is
degM({ω1, ω2}) = degM(ω1) + degM(ω2) , (2.23)
{ω1, ω2 + ω3} = {ω1, ω2}+ {ω1, ω3} , (2.24)
{ω1, ω2} = (−1)
1+degM (ω1)degM (ω2){ω2, ω1} , (2.25)
d{ω1, ω2} = {dω1, ω2}+ (−1)
degM (ω1){ω1, dω2} , (2.26)
{ω1, ω2 ∧ ω3} = {ω1, ω2} ∧ ω3 + (−1)
degM (ω1)degM (ω2)ω2 ∧ {ω1, ω3} , (2.27)
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and that satisfy the graded Jacobi identity
{ω1, {ω2, ω3}}+ (−1)
degM (ω1)(degM (ω2)+degM (ω3)){ω2, {ω3, ω1}}
+ (−1)degM (ω3)(degM (ω1)+degM (ω2)){ω3, {ω1, ω2}} = 0 , (2.28)
where ωi ∈ Ω(M) and degM denotes the form degree on Ω(M).
Besides a Poisson bi-vector, a differential Poisson bracket entails a connection one-form Γ˜αβ =
dφγ Γαγβ and a tensorial one-form
S = 1
2
dφαSβγα ∂β ⊙ ∂γ , (2.29)
defined through8
{φα, dφβ} = 1
2
∇˜Παβ + Sαβ − ΠαγΓ˜βγ . (2.30)
Choosing the connection such that9
∇˜γΠ
αβ = 0 , (2.31)
and imposing the compatibility between the bracket and the de Rham differential, it follows that,
for any two differential forms ω1 and ω2, one has
{ω1, ω2} = Π
αβ∇αω1 ∧∇βω2 + S
αβ ∧
[
(−1)degM (ω1)∇αω1 ∧ iβω2 − iαω1 ∧ ∇βω2
]
+ (−1)degM (ω1)
(
R˜αβ − ∇˜Sαβ
)
∧ iαω1 ∧ iβω2 , (2.32)
where ∇α is constructed from the connection coefficients
Γαγβ = Γ˜
α
βγ , (2.33)
which implies
∇αΠ
βγ = ∇˜αΠ
βγ − 2T [βαδΠ
γ]δ , (2.34)
and where we have defined
R˜αβ := ΠβγR˜αγ = R˜
βα (2.35)
8Here and in what follows, we made use of the notation and conventions for affine connections given in Appendix
A.
9Such a connection always exists, as there exists a natural generalization of Darboux’s theorem from symplectic
to Poisson manifolds, but it is not unique, leading to a symmetry whereby the differential Poisson bracket is left
invariant under suitable shifts in the connection and the tensorial structure S, that can be used to eliminate S in
the symplectic case [10].
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where R˜αβ is the curvature two-form of Γ˜
α
β. Turning to the graded Jacobi identity (2.28), using
the properties of the differential Poisson bracket, it holds for all ωi if it holds for degM(ω1, ω2, ω3) ∈
{(0, 0, 0), (0, 0, 1), (0, 1, 1)}. If the tensorial structure S = 0, these conditions are equivalent to
J
αβγ
(0,0,0) := Π
δ[αT
β
δǫΠ
γ]ǫ = 0 , (2.36)
J
αβ,γ
(0,0,1)δ := Π
αρΠσβRρσ
γ
δ = 0 , (2.37)
J
α,βγ
(0,1,1)δǫ := Π
αλ∇λR˜δǫ
βγ = 0 , (2.38)
of which the constraints on Jαβγ(0,0,0), J
α(β,γ)
(0,0,1) δ and J
[α,β]γ
(0,1,1)δǫ are independent, whereas the remainder
follows by covariant differentiation. Moreover, the exterior derivative of the graded Jacobi identity
for degM(ω1, ω2, ω3) = (0, 1, 1) yields that for degM(ω1, ω2, ω3) = (1, 1, 1), which reads
J
αβγ
(1,1,1)δǫλ := R˜ǫ[ρ
(αβR˜σλ]
γ)ǫ = 0 . (2.39)
A basic example [2] consists of the algebra of functions on a Lie group, which is deformed, at
the quantum level, by the canonical Poisson bi-vector into the group algebra, and yet further by
the connection into the quantum group algebra, for which Eq. (2.39) provides the Yang-Baxter
equation [4].
2.4 N = 1 supersymmetric Poisson sigma model
A differential Poisson manifold induces anN = 1 supersymmetric extension of the Ikeda–Schaller–
Strobl sigma model [10], obtained by adding fermionic partners (θα, χα) of form degrees zero and
one, respectively, to the original bosonic fields in the action (2.13). The classical action is given
by
S[φ, η, θ, χ] =
∫
Σ
ϕ∗
(
ηαdφ
α + 1
2
Παβηαηβ + χα∇θ
α + 1
4
R˜γδ
αβχαχβθ
γθδ
)
=
∫
Σ
[
(ϕ∗ηα) ∧ d(ϕ
∗φα) + 1
2
(ϕ∗Παβ)(ϕ∗ηα) ∧ (ϕ
∗ηβ) + (ϕ
∗χα) ∧∇(ϕ
∗θα)
+ 1
4
(ϕ∗R˜γδ
αβ)(ϕ∗χα) ∧ (ϕ
∗χβ)(ϕ
∗θγ)(ϕ∗θδ)
]
, (2.40)
where the objects are assigned target space degrees in N, denoted by deg, and fermion numbers
in Z, denoted by nf , as follows:
φα θα ηα χα d
deg 0 0 1 1 1
nf 0 1 0 -1 0
(2.41)
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The target space thus consists of a bi-graded fiber bundle
E = T ∗[1, 0](T [0, 1]M) ≡ T ∗[1, 0]M ⊕ T ∗[1, 1]M ⊕ T [0, 1]M , (2.42)
with base and fiber coordinatized by φα and (ηα, χα, θ
α), respectively. The sigma model map
ϕ : Σ → M is now assumed to be bi-degree preserving, where the bi-degree on Σ is given by
(degΣ, nf), that is, the pull back operation ϕ
∗ converts target space degree into form degree on Σ
(just as in the case of the bosonic sigma model) and preserves the fermion number10. Thus, ϕ∗
induces the following bundle structure over Σ:
ϕ∗
(
T ∗[1, 0]M ⊕ T ∗[1, 1]M ⊕ T [0, 1]M
)
=
(
ϕ∗(T ∗[0, 0]M)⊗ T ∗Σ
)
(2.43)
⊕
(
ϕ∗(T ∗[0, 1]M)⊗ T ∗Σ
)
⊕
(
ϕ∗(T [0, 1]M)⊗ C∞(Σ)
)
,
whose sections we shall assume are globally defined on Σ. Moreover, in case Σ has a boundary,
then we assume that
ηα|∂Σ = 0 , χα|∂Σ = 0 . (2.44)
The kinetic term for the fermions contains the covariant derivative
∇θα := dθα + dφβΓαβγθ
γ . (2.45)
The resulting symplectic potential ϑ on E is given by the sum of the tautological one-form on E
and an extra term containing the connection, viz.
ϑ = (ηα − Γ
γ
αβχγθ
β)dφα + χαdθ
α . (2.46)
Finally, we use the following Koszul sign convention11:
FF ′ = (−1)|F||F
′|F ′F , |F| := deg(F) + nf(F) (2.47)
where F and F ′ are functions of (φα, θα; ηα, χα). We refer to |F| as the total degree of F .
10Put into equations, ϕ∗ : R[m,n]→ R[0, n]⊗ Ω[m](Σ), that is, ϕ
∗ converts the first entry of the bi-degree into
form degree on Σ while preserving the second entry, given by the fermion number.
11This convention, which differs from that used in [10], is motivated by the fact that it admits a direct extension
to generalized Poisson sigma models in higher dimensions with target spaces given by N-graded manifolds [8, 36, 37].
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The equations of motion of the supersymmetric Poisson sigma model read12
Rφ
α
:= dφα +Παβηβ ≈ 0 , (2.48)
Rθ
α
:= ∇θα + 1
2
R˜γδ
αβχβθ
γθδ ≈ 0 , (2.49)
Rηα := ∇ηα +Rαβ
γ
δ dφ
β ∧ χγθ
δ + 1
4
∇αR˜βγ
δǫχδ ∧ χǫθ
βθγ ≈ 0 , (2.50)
Rχα := ∇χα +
1
2
R˜αδ
βγχβ ∧ χγθ
δ ≈ 0 , (2.51)
after a dueful suppression of the sigma model map, and where we use (2.45), idem for ∇ηα and
∇χα. These equations form a universally Cartan integrable system by virtue of (2.36)-(2.39),
i.e. provided that the differential Poisson bracket (2.32) obeys the graded Jacobi identity. These
identities also ensure the gauge invariance of the action13, up to boundary terms that vanish
provided the gauge parameters vanish at the boundary of Σ.
Under the isomorphism
C∞(T [0, 1]M) ∼= Ω(M) , (2.52)
the de Rham operator on M is sent to the nilpotent fermionic vector field
qf := θ
α∂α , (2.53)
on T [0, 1]M . As found in [10], its action on (φα, θα) can be extended into a (rigid) nilpotent
supersymmetry δf of the action (2.40), given by
14
δfφ
α = θα ,
δfθ
θ = 0 ,
δfηα =
1
2
R˜βγ
δ
α χδ θ
βθγ − Γγαβ ηγ θ
β ,
δfχα = −ηα + Γ
γ
αβ χγ θ
β . (2.54)
This symmetry can be made manifest by writing
S = δf
∫
Σ
V , V = −χα ∧
(
dφα + 1
2
Παβηβ
)
, (2.55)
including total derivatives.
12Some signs in Eqs. (2.48)–(2.51) differ from those in the corresponding equations in [10], where a different
Koszul sign convention was adopted.
13The fact that the symplectic potential (2.46) is non-canonical implies that the off-shell gauge transformations
differ from the on-shell ones by terms proportional to the Cartan curvatures [10].
14The coefficient four-fermi coupling in (2.40) is fixed by the rigid supersymmetry but not the local symmetries.
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3 Superspace formulation
In this section, we use the isomorphism between the differential form algebra on M and the
algebra of functions on T [0, 1]M to map the differential Poisson bracket onM to a supersymmetric
Hamiltonian zero-form on T ∗[1, 0](T [0, 1]M). The pullback of it and the tautological one-form
to the worldsheet induces a two-dimensional N = 1 supersymmetric topological sigma model.
This geometric approach can be extended to manifolds equipped with Poisson brackets that have
components with positive intrinsic form degree. It also permits a uniform treatment of Killing
supersymmetries, including the rigid supersymmetry generated by the de Rham differential on
M as well as new supersymmetries generated by inner derivatives along ordinary bosonic Killing
vectors on TM .
3.1 Mapping forms on M to functions on T [0, 1]M
The construction of the supersymmetric Poisson sigma model in the previous section makes use
of the isomorphism (2.52) of differential graded algebras, i.e. the bijection
V : Ω[n](M)→ Ω[0|(0,n)](T [0, 1]M) , (3.1)
sending n-forms ω on M to functions V (ω) ≡ Vω on T [0, 1]M that are nth order in the fiber
coordinates15 while preserving the associative algebra structure, and intertwining the de Rham
differential on M with a nilpotent vector field qf on T [0, 1]M , viz.
V (ω1 ∧ ω2) = Vω1Vω2 , V ◦ d|M = qf ◦ V . (3.2)
On T [0, 1]M , the bi-degrees of qf and the de Rham differential are given by
bideg(qf) = (0, 1) , bideg(d|T [0,1]M) = (1, 0) . (3.3)
Correspondingly, the algebra of forms on T [0, 1]M decomposes as follows:
Ω(T [0, 1]M) =
⊕
n,p
Ω(p,n)(T [0, 1]M) , bideg(Ω(p,n)(T [0, 1]M)) = (p, n) , (3.4)
where Ω(p,n)(T [0, 1]M) thus consists of p-forms on T [0, 1]M that are nth order in the fiber coor-
dinates and their line elements.
15The pull-backs ϕ∗Vω to Σ by the sigma model map ϕ are vertex operators of form degree zero on Σ.
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The isomorphism V intertwines the derivations of Ω(M), i.e. combinations ıΞ + LΞ′ of inner
and Lie derivatives along vector field valued forms Ξ and Ξ′ on M (see Appendix B), with those
of C∞(T [0, 1]M), i.e. the vector fields on T [0, 1]M . The induced linear map16
V : Der(Ω(M))→ Γ(T [0, 1]M,T (T [0, 1]M)) , (3.5)
is characterized by
V ◦ ıΞ = V (Ξ) ◦ V , V (ω ∧ Ξ) = VωV (Ξ) , (3.6)
from which it follows via the Cartan relation LΞ′ = [d, ıΞ′ ] and (3.2) that
V ◦ LΞ′ = [qf , V (Ξ
′)] ◦ V . (3.7)
3.2 Extended differential Poisson bracket
The isomorphism also intertwines extended differential Poisson brackets {·, ·} on M , which by
their definition obey (2.23)–(2.28) and
degM({·, ·}) = 0 mod 2 , (3.8)
with Poisson superbrackets {·, ·}f on T [0, 1]N that are compatible with qf and have intrinsic
bi-degrees
bideg({·, ·}f) = (0, 0) mod (0, 2) . (3.9)
In other words,
V ◦ {ω, η} = {Vω, Vη}f , {V1, V2}f ≡ Πf(dV1, dV2) , (3.10)
for Vi ∈ C∞(T [0, 1]M), where the Poisson bi-supervector field Πf on T [0, 1]M obeys
{Πf ,Πf}S.N. = 0 , LqfΠf = 0 , bideg(Πf) = (−2, 0) mod (0, 2) , (3.11)
using the Schouten–Nijenhuis superbracket {·, ·}S.N. for graded antisymmetric polysupervector
fields on T [0, 1]M .
16An isomorphism V : A → A˜ between associative algebras induces the isomorphism V : Der(A) → Der(A˜)
defined by V (δ(a)) = V (δ)V (a) for all a ∈ A and derivations δ ∈ Der(A).
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3.3 Covariant Hamiltonian action on T ∗[1, 0](T [0, 1]M)
The Schouten–Nijenhuis superbracket {·, ·}S.N. on T [0, 1]M can be mapped to the canonical Pois-
son bracket {·, ·}(−1,0) on the parity shifted cotangent bundle
17
T ∗[1, 0](T [0, 1]M) ≡ (Rm[1, 0]⊕ Rm[1,−1]) →֒ E
π
→ T [0, 1]M , (3.12)
where m = dimM . To this end, we start from the tautological one-form ϑ on T ∗[1, 0](T [0, 1]M),
which obeys18
bideg(ϑ) = (2, 0) , ıvϑ = 0 for all v ∈ ker π∗ , (3.13)
where π is the projection map of T ∗[1, 0](T [0, 1]M). The canonical two-form
O := dϑ , bideg(O) = (3, 0) , (3.14)
as bideg(d|E) = (1, 0). The resulting canonical bracket on E has intrinsic bi-degree
bideg({·, ·}(−1,0)) = (−1, 0) , (3.15)
and is graded antisymmetric and obey the graded Leibniz’ rule and Jacobi identity, viz.
{F1,F2}(−1,0) = (−1)
1+(|F1|+1)(|F2|+1){F2,F1}(−1,0) , (3.16)
{F1,F2F3}(−1,0) = {F1,F2}(−1,0)F3 + (−1)
|F2|(|F1|+1)F2{F1,F3}(−1,0) , (3.17)
and
{{F1,F2}(−1,0),F3}(−1,0) + (−1)
(F2+F3)(F1+1){{F2,F3}(−1,0),F1}(−1,0) (3.18)
+ (−1)(F1+F2)(F3+1){{F3,F1}(−1,0),F2}(−1,0) = 0 , (3.19)
where Fi are functions on E . These can be expanded as
F =
∞∑
n=0
F (n) , F (n) = P (n)(ϑ∧n) , bideg(P (n)) = bideg(F (n))− (n, 0) , (3.20)
where P (n) are rank n graded antisymmetric polyvector fields on T ∗[1, 0](T [0, 1]M) defining equiv-
alence classes [
P (n)
]
=
[
P (n) + P ′(n−1) ∧ v
]
, v ∈ ker π∗ , (3.21)
17 This map is a classical counterpart of a map used in the AKSZ procedure [8] for constructing covariant
Hamiltonian BV master actions from integrable polyvector field structures; see also [36, 37].
18On the total space E of T ∗[1, 0](T [0, 1]M), the space of forms Ω(E) =
⊕
m,n,pΩ[p|(m,n)](E) where
degE(Ω[p|(m,n)](E)) = p and bideg(Ω[p|(m,n)](E)) = (m,n).
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in view of (3.13), whose projections to the base define (distinct) graded antisymmetric rank n
polysupervector fields
P
(n)
f = π∗P
(n) , (3.22)
on T [0, 1]M . Conversely, one has a bijective uplift ρ as follows:
[
P (n)
]
= ρ(P
(n)
f ) , π∗ ◦ ρ = id , (3.23)
which thus has kerρ = 0. Writing
[
P (n)
]
(ϑ∧n) ≡ P (n)(ϑ∧n), the relation between the canonical
Poisson bracket on E and the Schouten–Nijenhuis superbracket {·, ·}S.N. on T [0, 1]M takes the
following form:
{F (n1)1 ,F
(n2)
2 }(−1,0) ≡ {ρ(P
(n1)
f,1 )(ϑ
∧n1), ρ(P
(n2)
f,2 )(ϑ
∧n2)}(−1,0)
= ρ({P (n1)f,1 , P
(n2)
f,2 }S.N)(ϑ
∧(n1+n2−1)) . (3.24)
Next, the vector field qf on T [0, 1]M is uplifted to a nilpotent vector field Q on E defined by
LQϑ = 0 , π∗Q = qf , bideg(Q) = (0, 1) . (3.25)
Thus, from π∗(LQρ(P
(n)
f )) = LqfP
(n)
f and (3.23) it follows that
LQF
(n) ≡ LQ
(
ρ(P
(n)
f )(ϑ
⊙n)
)
≡ (LQρ(P
(n)
f ))(ϑ
⊙n) + (−1)|F
(n)|nρ(P
(n)
f ))((LQϑ)⊙ ϑ
⊙(n−1))
= ρ(LqfP
(n)
f )(ϑ
⊙n) . (3.26)
Turning to the supersymmetric Hamiltonian function H on E , by definition it obeys19
QH = 0 , {H,H}(−1,0) = 0 , bideg(H) = (2, 0) mod (0, 2) , (3.27)
from which it follows that
H = ρ(Π(2)f )(ϑ
∧2) , (3.28)
where Π
(2)
f obeys (3.11). Furthermore, as demonstrated in Appendix C, locally on E there exist
a one-form G and a function W such that
ϑ = LQG , H = QW , bideg(G) = bideg(W) = (2,−1) . (3.29)
19The condition on the bi-degree implies that H is quadratic in momenta. In the AKSZ approach, this implies
that H vanishes on the trivial section as required by the boundary conditions following from the BV master
equation.
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The resulting covariant Hamiltonian action of the classical theory reads
S =
∫
Σ
ϕ∗(ϑ+H) = δf
∫
Σ
ϕ∗V , V := G +W , (3.30)
where the sigma model map ϕ : Σ → T [0, 1]M is assumed to have vanishing intrinsic bi-degree,
i.e.
bideg(ϕ) = (0, 0) , (3.31)
and obey the boundary condition
ϕ : ∂Σ→ T [0, 1]M , (3.32)
that is, the boundary of Σ is sent to the trivial section on T ∗[1, 0](T [0, 1]M), i.e. the momenta
vanishes at ∂Σ.
3.4 Formulation in local coordinates
We coordinatize E using (i = 0, 1)
Φαi = (Φ
α
0 ,Φ
α
1 ) ≡ (φ
α, θα) , bideg(Φαi ) = (0, i) , (3.33)
H iα = (H
0
α, H
1
α) ≡ (ωα, χα), bideg(H
i
α) = (1,−i) . (3.34)
where H iα and Φ
α
i are coordinates of the fiber and the base of T
∗[1, 0](T [0, 1]M), respectively,
and φα and θα are coordinates of the base and fiber of T [0, 1]M , respectively. The Koszul sign
convention (2.47) yields the following graded commutativity relations:
Φαi Φ
β
j = (−1)
ijΦβjΦ
α
i , Φ
α
i H
j
β = (−1)
i(1+j)H
j
βΦ
α
i , H
i
αH
j
β = (−1)
(1+i)(1+j)H
j
βH
i
α . (3.35)
The nilpotent vector field qf is given by
qf = θ
α ∂
∂φα
≡ qi
jΦαj ∂
i
α , qi
j = δ0i δ
j
1 , ∂
i
α :=
∂
∂Φαi
. (3.36)
As for the canonical two-form and tautological one-form, we take
O = dH iα ∧ dΦ
α
i , ϑ = H
i
αdΦ
α
i . (3.37)
It follows that the uplift Q to E of qf on T [0, 1]M is given by
Q = qi
j(Φαj ∂
i
α −H
i
α∂
α
j ) = qf + q˜f , q˜f = −ωα
∂
∂χα
, (3.38)
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obeying
(qf)
2 = {qf , q˜f} = (q˜f)
2 = 0 . (3.39)
Expanding the Poisson bi-supervector on T [0, 1]M as
Πf = Π
αβ
ij ∂
i
α ∧ ∂
j
β , ∂
i
α ∧ ∂
j
β = −(−1)
ij∂
j
β ∧ ∂
i
α , (3.40)
where thus
Παβij = −(−1)
ijΠβαji , deg(Π
αβ
ij ) = 0 , nf(Π
αβ
ij ) = i+ j , (3.41)
and using bideg(dΦαi ) = (1, i), the coordinate form of the superbracket (3.10) reads
{f1, f2}f = (−1)
i+j(|f1|+1)Παβij ∂
i
αf1∂
j
βf2 . (3.42)
The Poisson bi-supervector and qf-compatibility conditions take the following form:
Παδil ∂
l
δΠ
βγ
jk ∂
i
α ∧ ∂
j
β ∧ ∂
k
γ = 0 , (3.43)(
qfΠ
βγ
kl + 2Π
γβ
lj q
j
k
)
∂kβ ∧ ∂
l
γ = 0 . (3.44)
The corresponding supersymmetric Hamiltonian function on E is given by
H = ρ(Πf)(ϑ⊙ ϑ) =
1
2
Παβij H
i
αH
j
β . (3.45)
The explicit form of the resulting covariant Hamiltonian action (3.30) takes the form
S =
∫
Σ
ϕ∗
(
H iαdΦ
α
i +
1
2
Παβij H
i
αH
j
β
)
, (3.46)
where the form degrees on Σ and fermion numbers of the pulled back fields are given by
ϕ∗Φα0 ϕ
∗Φα1 ϕ
∗H0α ϕ
∗H1α d
degΣ 0 0 1 1 1
nf 0 1 0 -1 0
(3.47)
Suppressing ϕ∗, the equations of motion read
Rαi := dΦ
α
i + (−1)
i(i+j)Παβij H
j
β ≈ 0 , (3.48)
Riα := dH
i
α + (−1)
i1
2
∂iαΠ
βγ
jk H
j
β ∧H
k
γ ≈ 0 , (3.49)
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which form a universally Cartan integrable system by virtue of (3.43) and (3.44). The rigid
nilpotent supersymmetry transformation, viz.
δfΦ
α
i = qi
jΦαj , δfH
i
α = −qj
iHjα , (3.50)
leaves the action invariant, as follows from
S = δf
∫
Σ
V , V = −H iα ∧ (q
T)i
j
(
dΦαj +
1
2
ΠαβjkH
k
β
)
, (qT)i
j = δ1i δ
j
0 , (3.51)
as can be seen by using (3.44), that is,
δf Π
αβ
ij = (−1)
j+kqi
kΠαβkj − (−1)
kqj
kΠαβik , (3.52)
or more explicitly
δf Π
αβ
00 = −2Π
[αβ]
01 , δf Π
αβ
01 = Π
αβ
11 , δf Π
αβ
10 = −Π
αβ
11 , δf Π
αβ
11 = 0 . (3.53)
As can be seen from Tables (2.41) and Table (3.47), the spectra of fields in the supersymmetric
actions (2.40) and (3.46) agree. Indeed, in the case of a differential Poisson manifold, there exists a
simple field redefinition that maps (2.40) to (3.46) (without the need to add any total derivative),
as will be spelled out in detail in Section 4.
3.5 Rigid supersymmetries from Killing supervectors
The notion of a symmetry of a Poisson algebra of functions refers to a vector field K on M whose
Lie derivative annihilates the Poisson bi-vector field, viz.
LKΠ = 0 , (3.54)
as this is equivalent to that
LK{f, g} ≡ 2LK(Π(df, dg)) ≡ 2 ((LKΠ)(df, dg) + Π(LKdf, g) + Π(f,LKdg))
= 2 (Π(dLKf, g) + Π(f, dLKg)) = {LKf, g}+ {f,LKg} , (3.55)
for all f, g ∈ C∞(M). Such a vector, which is often referred to as a Killing (or fundamental)
vector, induces a rigid symmetry of the Ikeda–Scheller–Strobl sigma model.
The above notions have natural generalizations to the context of differential Poisson algebras
and their induced supersymmetric sigma models. Thus, a symmetry of an extended differential
Poisson algebra refers to a vector field valued p-form K (see Appendix B) obeying
LK{ω1, ω2} = {LKω1, ω2}+ (−1)
degM (ω1)degM (K){ω1,LKω2} , (3.56)
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for all ω1, ω2 ∈ Ω(M).
A general vector field valued p-form Ξ on M is sent by the isomorphism V in (3.1) to the
supervector field Ξf = V (Ξ) on T [0, 1]M defined by (3.7), which in its turn induces a supervector
field XΞ on E defined by
π∗XΞ = Ξf , LXΞϑ = 0 , bideg(XΞ) = bideg(Ξf) . (3.57)
Thus, in a coordinate basis where Ξf = Ξ
α
i ∂
i
α, we have
δΞfΦ
α
i ≡ XΞ(Φ
α
i ) = Ξ
α
i , δΞfH
i
α ≡ XΞ(H
i
α) = −(−1)
i+j+i|Ξf |∂iαΞ
β
jH
j
β . (3.58)
It follows that
δΞfS[Φ, H ; Πf ] = LΞfS[Φ, H ; Πf ] , (3.59)
where thus δΞf acts only on the fields and LΞf acts only on the background field.
Thus, the vector field valued p-form K of Killing type is mapped to supervector fields Kf =
V (K) on T [0, 1]M and XK on E , obeying
LKfΠf = 0 , XKH = 0 , (3.60)
and hence it generates a global symmetry, viz.
δKfS[Φ, H ; Πf ] = 0 . (3.61)
In this language, the compatibility between the extended differential Poisson bracket and the
de Rham differential amounts to that the vector field valued one-form I = dφα∂α on M is of
Killing type. It is mapped by V to qf = V (I) = q
j
iΦ
α
j ∂
i
α, hence inducing the rigid nilpotent
supersymmetry transformation (3.50). An ordinary Killing vector field K = Kα∂α on M , on the
order hand, induces the Killing supervector
Kf = K
α
i ∂
i
α , V ◦ LK = LKf ◦ V , bideg(Kf) = (0, 0) , (3.62)
on T [0, 1]M with components given by
Kα0 = K
α , Kα1 = −θ
β∂βK
α . (3.63)
The inner derivative of forms on M along an ordinary Killing vector20 K, which is mapped by V
to
K˜f = K˜
α
i ∂
i
α , V ◦ ıK = LK˜f ◦ V , bideg(K˜f) = (0,−1) , (3.64)
20Conversely, if K is an ordinary vector field on M and ıK is a symmetry of the (extended) differential Poisson
bracket then K must be an ordinary Killing vector field.
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on T [0, 1]M , is a symmetry as well provided that ıK commutes with the extended Poisson bracket,
or equivalently, that
LK˜fΠf = 0 , (3.65)
whose component form will be derived below in Section 4.2 in the differential Poisson case.
4 Component formulation
In this section, we identify the supersymmetric model in Section 2 as the special case of the model
in Section 3 that arises on differential Poisson manifolds with vanishing S-tensor. We shall also
include non-vanishing S-tensors, and derive the supplementary conditions on a Killing vector on
M for it to yield an extra supersymmetry of bi-degree (0,−1).
4.1 Action and equations of motion
In order to obtain the action (2.40) from (3.46), we take
Φαi = (φ
α, θα) , H iα = (ηα − Γ
γ
αβχγθ
β, χα) , (4.1)
where Γγαβ are the coefficients of the connection one-form of the differential Poisson algebra. In
the unextended case, we have21
Παβ00 = Π
αβ
Παβ01 = −
(
Sαβγ +Π
αδΓβδγ
)
θγ
Παβ10 = Π
βα
01
Παβ11 =
(
1
2
Υγδ
αβ − 2Sǫ(αγ Γ
β)
ǫδ + Π
ǫλΓαǫγΓ
β
λδ
)
θγθδ (4.2)
where we have separated the combination
Υγδ
αβ := R˜γδ
αβ − 2 ∇˜[γS
αβ
δ] + T
ǫ
γδS
αβ
ǫ . (4.3)
Plugging (4.1) and (4.2) back into the action (3.46), we obtain
S =
∫
Σ
[
ηα ∧ dφ
α + χα ∧∇θ
α + 1
2
Παβηα ∧ ηβ + S
αβ
γ ηα ∧ χβ θ
γ + 1
4
Υγδ
αβχα ∧ χβ θ
γθδ
]
, (4.4)
21 In the extended case, the Lagrangian contains additional terms of bi-degrees (2, 2k) for k ≥ 1. Fitting these
models into the minimal AKSZ geometry requires working with actions whose degree vanishes mod two.
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which reduces to (2.40) upon setting Sαβγ = 0. Varying the action with respect to (η, χ, θ),
respectively, yields
Rφ
α
:= dφα +Παβηβ + S
αβ
γ χβθ
γ ≈ 0 , (4.5)
Rθ
α
:= ∇θα + Sαβγ ηβθ
γ + 1
2
Υγδ
αβχβ θ
γ θδ ≈ 0 , (4.6)
Rχα := ∇χα − S
βγ
α ηβ ∧ χγ +
1
2
Υαβ
γδχγ ∧ χδ θ
β ≈ 0 , (4.7)
while its variation with respect to φ yields
Rηα := dηα +
1
2
∂αΠ
βγηβ ∧ ηγ +
(
∂αS
γδ
β ηγ ∧ χδ − Γ
γ
αβ dχγ + 2 ∂[αΓ
γ
δ]βχγ ∧ dφ
δ
)
θβ
− Γγαβχγ ∧ dθ
β + 1
4
∂αΥβγ
δǫχδ ∧ χǫ θ
βθγ ≈ 0 , (4.8)
which can be rewritten in a manifestly covariant form by using the compatibility condition
∂αΠ
βγ = 2Γ
[β
δαΠ
γ]δ and (4.5)–(4.7), with the result
Rηα = ∇ηα +Rαβ
γ
δ dφ
β ∧ χγ θ
δ +
(
∇αS
γδ
β − T
γ
αǫS
ǫδ
β
)
ηγ ∧ χδ θ
β + 1
4
∇αΥβγ
δǫχδ ∧ χǫθ
βθγ . (4.9)
4.2 Supersymmetries
N = 1 supersymmetry (de Rham operator): By construction, the action (4.4) can be
written on the manifestly globally supersymmetric form (3.51), viz.
S = δf
∫
Σ
V , V = −χα ∧
(
dφα + 1
2
Παβηβ +
1
2
Sαβγ χβθ
γ
)
(4.10)
where the rigid nilpotent supersymmetry transformation, which is given in general by (3.50),
takes the following form in terms of the component fields (φα, θα; ηα, χα):
δfφ
α = θα ,
δfθ
α = 0 ,
δfηα =
1
2
R˜βγ
δ
α χδ θ
βθγ − Γγαβ ηγ θ
β ,
δfχα = −ηα + Γ
γ
αβ χγ θ
β . (4.11)
Its nilpotency can be verified using the compatibility condition ∇˜αΠβγ = 0 and the Bianchi
identity ∇˜[αR˜βγ]
δ
ǫ − T˜ λ[αβR˜γ]λ
δ
ǫ = 0.
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Extended supersymmetry (inner derivatives): Let us demonstrate at the level of com-
ponents that a Killing vector K = Kα∂α obeying (3.65) yields an additional nilpotent rigid
supersymmetry given by (3.57) and (3.64), i.e.
δf,Kφ
α = 0 , (4.12)
δf,Kθ
α = Kα , (4.13)
δf,Kηα = χβ∇αK
β , (4.14)
δf,Kχα = 0 , (4.15)
which thus acts non-trivially only on the fields with odd total degree. Indeed, by (3.57) the
variation of the kinetic term under δf,K , given by the pull back of the symplectic potential,
vanishes identically (without the need to use the Killing vector property), whereas the variation
of the Hamiltonian term reads
δf,KS =
∫
Σ
[(
Πγα∇γK
β −KγSαβγ
)
ηα ∧ χβ +
(
1
2
KγΥγδ
αβ + Sβγδ ∇γK
α
)
χα ∧ χβ θ
δ
]
, (4.16)
that vanishes iff the two terms vanish separately. We recall that
LKΓ
γ
αβ ≡ ∂α∂βK
γ − ∂αK
δΓγδβ − ∂βK
δΓγαδ + ∂δK
γΓδαβ = 0 , (4.17)
LKΠ
αβ ≡ Kγ∂γΠ
αβ + 2 ∂γK
[αΠβ]γ = 0 , (4.18)
LKS
αβ
γ ≡ K
δ∇˜δS
αβ
γ + S
αβ
δ ∇γK
δ − 2Sδ(αγ ∇δK
β) = 0 . (4.19)
The first equation can equivalently be written as
∇˜α∇βK
γ = KδR˜αδ
γ
β, (4.20)
and the second equation combined with the compatibility condition ∂γΠ
αβ = 2Γ
[α
δγΠ
β]δ yields
Πγ[α∇γK
β] = 0 . (4.21)
Thus, first term in (4.16) vanishes iff the following stronger version of (4.21) holds:
Πγα∇γK
β = KγSαβγ . (4.22)
As for the second term in (4.16), using the ∇˜-derivative of (4.22) together with ∇˜γΠαβ = 0, (4.19)
and (4.20), it can be rewritten as
δKS = 2
∫
Σ
KγR˜γδ
αβχα ∧ χβ θ
δ , (4.23)
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whose vanishing requires
KγR˜γδ
αβ = 0 . (4.24)
Thus, in summary, a Killing vector K induces an extended supersymmetry of bidegree (0,−1)
if it obeys the additional conditions (4.22) and (4.24), which can be shown to be equivalent to
(3.65). Moreover, from the Cartan relations {ıK , d} = LK and (ıK)2 = 0 it follows that
{δf,K , δf} = δK , {δK , δK} = 0 , (4.25)
where δK denotes the action of the ordinary Killing vector K on the fields, viz.
δKφ
α = Kα
δKθ
α = θβ∂βK
α
δKωα = ∂α∂βK
γχγθ
β − ωβ ∂αK
β
δKχα = −χβ∂αK
β . (4.26)
5 Conclusion and outlook
We have reformulated the supersymmetric extension [10] of the Ikeda–Schaller–Strobl model [5, 6]
induced on a differential Poisson manifold M as a special case of the induced sigma model on
the bi-graded supermanifold T [0, 1]M equipped with a Poisson superbracket corresponding to
an extended differential Poisson bracket on the differential graded algebra of forms on M with
intrinsic form degree valued in {0, 2, . . . }. The resulting covariant Hamiltonian action on the
phase space T ∗[1, 0](T [0, 1])M is manifestly Diff(T [0, 1]) covariant. Consequently, it is manifestly
invariant under global symmetries generated by Killing supervector fields on T [0, 1]M , which we
have used to give new extended supersymmetries associated to inner derivatives along special
Killing vectors fields on M .
The current model is a special case of the more general sigma model with canonical action
Scan =
∫
Σ
(
Hα ∧ dΦ
α + 1
2
PαβHα ∧Hβ
)
+
∮
∂Σ
HαB
α, (5.1)
where P := Pαβ∂α ∧ β is a Poisson bi-supervector on target supermanifold of type (m|m′) coor-
dinatized by Φα = (Φα,Φα
′
), α = 1, . . . , m, α′ = 1, . . . , m′. The case m = m′ is distinguished,
however, by the facts that it can be made to exhibit the de Rham-like supersymmetry and that
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it is possible to quantize the model using a minimal AKSZ gauge fixing procedure without addi-
tional trivial pairs (instead of the direct extension of the Cattaneo–Felder scheme), as we shall
report on in a separate work 22 Whether this is tied to the subtleties of the work of McCurdy and
Zumino [4] remains to be seen.
Annother advantage of the canonical form of the action is that it facilitates the gauging of
Killing (super)symmetries using the direct supersymmetrization of Zucchini’s bosonic formalism
[15]. Concerning the gauging of the original rigid supersymmetry, a subtlety arises as there are
two approaches available, depending on whether it is gauged as a Killing supersymmetry as in
[16], or if it treated together with P as an integrable QP -structure, as we shall present in a
forthcoming work.
Concerning the perturbative quantization of the model, it remains to be investigated whether
it yields a differential graded associative algebra or if quantum corrections will induce a homotopy
associative structure. As shown in [2], the former structure arises for special differential Poisson
geometries related to quantum groups. However, the results of [4] indicate that on more general
manifolds23 there is an incompatibility between the “canonical” associative star product and
the de Rham differential at order ~2, though there analysis did not exclude the possibility that
compatibility can be restored by deforming the differential. Formally, the argument that the star
product is compatible with a deformed differential goes as follows: The Diff(T [0, 1]M) covariance
of the classical action is broken down to Diff(M) by means of the minimal gauge fixing procedure
and the background field method (using covariant derivatives onM for the Taylor expansion of the
background fields) Assuming that there exists a generalization of the Cattaneo–Felder subtraction
scheme that yields an associative binary product map mult2, the action of ϕ ∈ Diff(T [0, 1]M) on
it is equivalent to a Kontsevich-style supergauge transformation G, viz
((ϕ)−1)∗mult2(ϕ
∗Vω, ϕ
∗Vη; (ϕ
−1)∗Πf) = G
−1mult2(GVω, GVη; Πf) , (5.2)
using the notation of Section 3 wherein Vω is the function on T [0, 1]M corresponding to the form
ω on M . Since the background is qf-invariant it follows that
Qf ◦mult2 = mult2 ◦ (Qf ⊗ 1 + 1⊗Qf) , Qf = qf + Af , (5.3)
where Af =
∑
n>1 ~
nA
(n)
f is the multi-differential operator generating the supergauge transforma-
tion induced by qf . Thus, assuning that the subtraction scheme does not yield any anomalies in
22The resulting BRST differential will have a total degree in {1, 3, . . .} unless P is taken to be unextended.
23The analyses of [2] and [4] did not include the tensorial one-form S defined in Eq. (2.29).
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the conservation law for the current of Qf , then one has the flatness condition
Qf ◦Qf = 0 , (5.4)
of a differential graded associative algebra. We leave it for future work to settle the above
subtleties in more detail and whether there will be a need for homotopies in the associativity
rule.
Alternatively, higher products can be introduced already at the semiclassical level by con-
sidering homotopy Poisson algebras given by sets of n-ary brackets, for n ≥ 2, obeying Jacobi
identity up to homotopies. To our best understanding, corresponding induced homotopy Poisson
sigma models have not been studied in the literature, and we plan to address them in a future
publication.
As pointed out in [35], quantum homotopy associative algebras can be used to extend the
cubic Frobenius–Chern–Simons gauge theory by employing the tensor constructions of [32, 33].
Thus, drawing further on [29, 30], we expect that the off-shell formulation of higher spin gravity
on general backgrounds requires a deformation of the Chern-Simons-like cubic action found in
[34] consisting of simultaneously i) adding quadratic and higher order terms to its Hamiltonian
function leading to an “internal” homotopy associative algebra generated by generalized Chan-
Paton-like factors corresponding to “discrete” degrees of freedom of an induced homotopy Poisson
sigma model; and ii) replacing the differential graded associative algebra of forms on the base
manifold valued in the higher spin associative algebra by an “external” homotopy associative
algebra corresponding to “continuous” degrees of freedom of the sigma model. The resulting
topological string field would thus be valued in the direct product [32, 33] of two first-quantized
homotopy associative algebras. One may speculate that such topological open string field theories
on target spaces with boundaries may lead to realizations of mirror symmetry transformations as
nontrivial transitions between topologically inequivalent boundary states.
Finally, let us point to a few interesting direction for future research: First of all, the results
that we have accumulated so far are supportive of the working hypothesis that higher spin gravity
on a noncommutative manifold M i) is dual to first-quantized open strings; ii) has a formulation
as a second-quantized topological theory onM ; iii) admits a sum over topologies ofM that is dual
to a third-quantized theory, which is supported in part by the fact that the kinetic terms make
up infinite-dimensional abelian p-form systems [38, 39, 40, 41] for which there are cancellations
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[34]24 leading to a well-defined partition functions at one-loop. The goal of these investigations
is to establish that the above types of dualities provide a good “quantum gauge principle” for
fundamental interactions in nature. A related idea, also mentioned in the Introduction, is that
that topological open string fields of suitably gauged models contains zero-forms identifiable with
density matrices obeying nonlinear quantum mechanical evolution equations.
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A Conventions and notation
Affine connections. Given a manifold M with tangent bundle TM and tensor bundle T =⊕
m,n∈M TM
⊗m ⊗ T ∗M⊗n, which is an associative algebra with product ⊗, an affine connection
is a C∞(M)-linear map ∇ : TM → Der(T ) that commutes to the diffeomorphism invariant
subalgebra of End(T ), which is generated by contractions and insertions of the identity tensor.
The connection ∇ is normalized such that if X is a vector field and φ ∈ C∞(M) then
∇X(φ) = X(φ) , (A.1)
using the notation ∇X ≡ ∇(X). Thus, ∇X : TM⊗m ⊗ T ∗M⊗n → TM⊗m ⊗ T ∗M⊗n, and if
T, T ′ ∈ T then
∇φXT = φ∇XT , (A.2)
∇X(T ⊗ T
′) = (∇XT )⊗ T
′ + T ⊗∇XT
′ . (A.3)
24See discussion of Eqs. (7.1) and (7.2) in [34].
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From the compatibility between the connection and the contraction map it follows that if V is a
vector field and ω is a one-form then
∇X(ω(V )) = (∇Xω)(V ) + ω(∇XV ) . (A.4)
In terms of local coordinates φα, the connection is characterised by the one-form
Γαβ = dφ
γΓαγβ , (A.5)
where the connection coefficients are defined by
∇∂α∂β = Γ
γ
αβ∂γ . (A.6)
From (A.4) and dφα(∂β) = δ
α
β it follows that
∇∂αdφ
β = −Γβαγdφ
γ . (A.7)
For notational simplicity, when acting on a tensor T = Tα...
β...dφα ⊗ · · · ⊗ ∂β ⊗ · · · , we write
∇∂αT ≡ ∇αT ≡ (∇αTβ···
γ···)dφβ ⊗ · · · ⊗ ∂γ ⊗ · · · , (A.8)
where thus
∇αTβ...
γ... := ∂αTβ...
γ... − ΓδαβTδ...
γ... − · · ·+ ΓγαδTβ...
δ... + · · · . (A.9)
Given a pair (X, Y ) of vector fields, the torsion and Riemann two-forms T ) ∈ TN and R ∈
End(T ), respectively, are defined by the decomposition
[∇X ,∇Y ] = ∇∇XY−∇YX−T (X,Y ) +R(X, Y ) . (A.10)
Thus, upon expanding
T =
1
2
dφα ∧ dφβTαβ , Tαβ = T
γ
αβ∂γ , (A.11)
R =
1
2
dφα ∧ dφβRαβ , Rαβ∂γ = Rαβ
δ
γ∂δ , (A.12)
it follows from
[∇α,∇β] ∂γ = ∇α(Γ
δ
βγ∂δ)− (α↔ β) , (A.13)
that
Rαβ
γ
δ = 2 ∂[αΓ
γ
β]δ + 2Γ
γ
[α|ǫΓ
ǫ
|β]δ , T
γ
αβ = 2Γ
γ
[αβ] . (A.14)
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Alternatively, in terms of the covariant derivatives defined in (A.9) one has
[∇α,∇β]V
γ = −T δαβ∇δV
γ +Rαβ
γ
δV
δ . (A.15)
If T, T ′ ∈ T and X is a vector field, we define
∇T⊗XT
′ = T ⊗∇XT
′ . (A.16)
It follows that if ω and ω′ are forms then
∇ω⊗X(ω
′ ⊗X ′) = ω ∧ (∇Xω
′ ⊗ T ′ + ω′ ⊗∇XT
′) . (A.17)
Introducing the vector field valued one-form I = dφα∂α, we define, in a slight abuse of notation,
the exterior covariant derivative ∇ : Ω(M) ⊗ T → Ω(M)⊗ T as follows
∇(ω ⊗ T ) = ∇I(ω ⊗ T ) , (A.18)
whose action thus take the following form in components:
∇(ω ⊗ T ) = dω ⊗ T + dφα ∧ ω ⊗∇∂αT . (A.19)
In particular, acting on a p-form ω = 1
p!
dφα1 ∧ · · · ∧ dφαpωα1...αp one has
∇ω = dω = 1
p!
dφα1 ∧ · · · ∧ dφαp+1
(
∇α1ωα2...αp+1 +
p
2
T βα1α2ωβα3...αp+1
)
. (A.20)
Finally, the action of the exterior covariant derivatives of components is defined via
∇(V α∂α) = (∇V
α)∂α , ∇(dφ
αωα) = −dφ
α∇ωα , (A.21)
where thus
∇V α = dV α + ΓαβV
β = dφβ∇αV
β , ∇ωα = dωα − Γ
β
αωβ = dφ
β∇βωα . (A.22)
Defining the torsion and curvature two-forms
T α = 1
2
dφγ ∧ dφδT αγδ , R
α
β =
1
2
dφγ ∧ dφδRγδ
α
β , (A.23)
which can be rewritten as
T α = dφβ ∧ dφγΓαβγ = Γ
α
β ∧ dφ
β = ∇dφα , Rαβ = dΓ
α
β + Γ
α
γ ∧ Γ
γ
β . (A.24)
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one has the Ricci identities
∇2V α = RαβV
β , ∇2ωα = −R
β
α ∧ ωβ , (A.25)
and the Bianchi identities
∇T α = Rαβ ∧ dφ
β , ∇Rαβ = 0 , (A.26)
or, in components,
R[αβ
γ
δ] = ∇[αT
γ
βδ] − T
ǫ
[αβT
γ
δ]ǫ , ∇[αRβγ]
δ
ǫ − T
λ
[αβRγ]λ
δ
ǫ = 0 . (A.27)
Polyvector fields and Schouten–Nijenhuis brackets. The graded spaces
Poly(±)(M) =
⊕
n∈Z
Poly
(±)
[n] (M) (A.28)
where Poly
(±)
[n] (M) := 0 for n 6 −2 and Poly
(±)
[−1](M) := C
∞(M), and where for n > 0
Poly
(−)
[n] (M) := TM
∧(n+1) , Poly
(+)
[n] (M) := TM
⊙(n+1) , (A.29)
have degree map deg(Poly
(±)
[n] (M)) := n and degree preserving Schouten–Nijenhuis brackets
{·, ·}(±)S.N. defined by
{A,B}(±)S.N. = −(±1)
(deg(A)+1)(deg(B)+1){B,A}(±)S.N. , (A.30)
and obey the Leibniz’ rule
{A,B ∧ C}(−)S.N. = {A,B}
(±)
S.N. ∧ C + (±1)
(deg(A)+1)deg(B)B ∧ {B,C}(±)S.N. , (A.31)
{A,B ⊙ C}(±)S.N. = {A,B}
(+)
S.N. ⊙ C +B ⊙ {B,C}
(+)
S.N. , (A.32)
where {A,B}(±)S.N. := A(B) if deg(A,B) = (0,−1) and {A,B}
(±)
S.N. := [A,B] if deg(A,B) = (0, 0).
Parity shifted bundles. We recall that an element up of T
∗M over a point p ∈ M can
be expanded as up = uα(p)e
α
p where uα(p) are real numbers and e
α
p is a basis for the fiber
over p, i.e. π(eαp ) = p, and that a section u of T
∗M is a map from M to T ∗M such that
u : p 7→ up, i.e. π ◦ u = IdM . Moreover, a section ϕ∗u of the pulled back bundle ϕ∗T ∗M over
Σ obeys (ϕ∗u)x = uϕ(x) = uα(ϕ(x))e
α
ϕ(x) for all x ∈ Σ. To apply ϕ
∗ to T ∗[n]M we first define
ϕ∗(R[n]ϕ(x)) ∈ (T
∗
xΣ)
∧n, that is, a real number r[n] of degree n of a fiber space over a point p in
the image of ϕ that is mapped by ϕ∗ to an n-form on Σ. Thus, as an element of T ∗[n]M is of
29
the form u[n]p = uα[n](p)e
α
p where uα[n](p) ∈ R[n] and e
α
p is the basis of the fiber of T
∗M , the
application of ϕ∗ to T ∗[n]M yields the right hand side of Eq. (2.16) for n = 1. Alternatively,
one can redefine the notation, and take ϕ : T [1]Σ → T ∗[1]M to be a map of vanishing intrinsic
degree, such that ηα ◦ϕ is a linear function in the fiber coordinate of T [1]Σ, and use the canonical
definition of ϕ∗ : Ω(T ∗[1]M) → Ω(T [1]Σ). The Lagrangian can then be obtained by composing
ϕ∗ with the homeomorphism µ : Ω(T [1]Σ)→ Ω(Σ) of differential graded algebras, defined in local
coordinates (xµ, θµ) on T [1]Σ by µ : (xµ, θµ; dxµ, dθµ) 7→ (xµ, dxµ; dxµ, 0) (such that µ◦d = d◦µ),
viz. S =
∫
Σ
µ ◦ ϕ∗
(
ηαdφ
α + 1
2
Παβ ηαηβ
)
.
B Graded Lie algebra of derivations of the differential
form algebra
The graded Lie algebra Der(Ω(M)) of derivations of the differential graded associative algebra
Ω(M) of forms on M consists of maps
δ : Ω[p](M)→ Ω[p + deg(δ)](M) , deg(δ) ∈ {−1, 0, 1, . . .} , (B.1)
obeying the graded Leibniz’ rule
δ(ω ∧ η) = (δω) ∧ η + (−1)deg(ω)deg(δ)ω ∧ (δη) , ω, η ∈ Ω(M) . (B.2)
The graded commutator of δ1, δ2 ∈ Der(Ω(M)) is the element in Der(Ω(M)) defined by
[δ1, δ2] := δ1δ2 − (−1)
deg(δ1)deg(δ2)δ2δ1 . (B.3)
A general element δ ∈ Der(Ω(M)) can be decomposed into a Lie derivative LK and an inner
derivative ıΞ′, viz.
δ = LΞ + ıΞ′ , (B.4)
where Ξ and Ξ′ are vector field valued forms on M . If Ξ = ω ⊗X , where ω ∈ Ω[k](M) and X is
a vector field on M , then we define
deg(Ξ) = k , (B.5)
and
ıΞη := ω ∧ (ıXη) , deg(ıΞ) := deg(Ξ)− 1 , (B.6)
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for all η ∈ Ω(M). The Lie derivative
LΞ := [ıΞ, d] ≡ ıΞd+ (−1)
kdıΞ , deg(LΞ) = deg(Ξ) , (B.7)
where d denotes the exterior derivative on M , which is itself a derivation of Ω(M) of degree one
that can be represented as a Lie derivative, viz.
d ≡ LI , deg(d) = 1 , (B.8)
where I is the vector field valued one-form defined by
ıIω = deg(ω)ω , (B.9)
for all ω ∈ Ω(M); in a coordinate basis, we have
I = dφα∂α , d = dφ
αL∂α . (B.10)
It follows that exterior and Lie derivatives commute in the graded sense, that is
[d,LΞ] ≡ dLΞ − (−1)
deg(Ξ)LΞd = 0 . (B.11)
The inner and Lie derivatives form two subalgebras of Der(Ω(M)), viz.
[ıΞ, ıΞ′] = ı[Ξ,Ξ′][−1] , [LΞ,LΞ′] = L[Ξ,Ξ′][0] , (B.12)
while their mutual graded commutator
[LΞ, ıΞ′ ] = ı[Ξ,Ξ′][0 − (−1)
deg(Ξ)(deg(Ξ′)+1)LıΞ′Ξ , (B.13)
where the induced brackets, whose subscripts indicate their intrinsic degrees, are the Nijenhuis–
Richardson bracket
[Ξ,Ξ′][−1] = ıΞΞ
′ − (−1)(deg(Ξ)+1)(deg(Ξ
′)+1)ıΞ′Ξ , (B.14)
where, for Ξ = ω ⊗X and Ξ′ = ω′ ⊗X ′, we have defined
ıω⊗X (ω
′ ⊗X ′) := (ω ∧ ıXω
′)⊗X ′ , (B.15)
and the Fro¨licher–Nijenhuis bracket
[ω ⊗X,ω′ ⊗X ′][0] = ω ∧ ω
′ ⊗ [X,X ′] +
(
ω ∧ LXω
′ + (−1)deg(ω)dω ∧ ıXω
′
)
⊗X ′
−
(
LX′ω ∧ ω
′ − (−1)deg(ω)ıX′ω ∧ dω
′
)
⊗X . (B.16)
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The Nijenhuis–Richardson bracket follows readily, while the Fro¨licher–Nijenhuis bracket can be
obtained by combining (B.7), (B.11) and (B.13) as follows:
[LΞ,LΞ′] = [LΞ, [ıΞ′ , d]] = [[LΞ, ıΞ′], d] = L[Ξ,Ξ′] . (B.17)
It remains to show (B.13), for which it suffices to verify that it holds when acting on zero-forms,
say φ, and one-forms, say λ, for Ξ = ω ⊗ X and Ξ′ = ω′ ⊗ X ′ with ω and ω′ being even forms
(after which the general case follows by applying graded degree shifts to Ξ and Ξ′ and making
use of the derivation property). To this end, acting on φ, we have
[Lω⊗X , ıω′⊗X′]φ = −ω
′ ∧ ıX′(ωıXdφ)
= −(ω′ ∧ ıX′ω)ıXdφ = −ıω′∧ıX′ω⊗Xdφ = −Lıω′⊗X′ωφ , (B.18)
in immediate agreement with (B.13) (as Ξ has been assumed to be even). Acting on λ and using
ıXıX′λ = 0, we have
[Lω⊗X , ıω′⊗X′]λ = d (ω ∧ ıX(ω
′ıX′λ)) + ω ∧ ıX (d(ω
′ıX′λ))− ω
′ ∧ ıX′ (d(ωıXλ) + ω ∧ ıXdλ)
= (dω ∧ (ıXω
′)ıX′ + ω ∧ (dıXω
′)ıX′ + ω ∧ ((ıXdω
′)ıX′ + ω ∧ ω
′ıXdıX′)
− ω′ ∧ ((ıX′dω)ıX + (ıX′ω) ∧ dıX + ω ∧ ıX′dıX + (ıX′ω) ∧ ıXd+ ωıX′ıXd))λ
=
(
ı[(dω∧ıXω′+ω∧LXω′)⊗X′−ω′∧ıX′dω⊗X] + ω ∧ ω
′[LX , ıX′]− ω
′ ∧ ıX′ω ∧ LX
)
λ
(B.19)
where LX = ıXd+ dıX . The last two terms can be rewritten using
[LX , ıX′ ] = ı[X,X′] , (B.20)
which follows by evaluating both sides on forms of degree zero and one, and using the fact that
if η is an odd form then
η ∧ LX = Lη⊗X + dη ∧ ıX , (B.21)
that we then apply for η = ω′ ∧ ıX′ω. Thus,
[Lω⊗X , ıω′⊗X′ ]λ = ıω∧ω′⊗[X,X′]+(dω∧ıXω′+ω∧LXω′)⊗X′−(ω′∧ıX′dω+d(ω′∧ıX′ω))⊗Xλ−Lω′∧ıX′ω⊗Xλ , (B.22)
in agreement with (B.13) (again under the assumption that Ξ is even).
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C Covariant local cohomology of LQ on T
∗[1, 0](T [0, 1]M)
The construction of the supersymmetric covariant Hamiltonian action makes use of differential
forms F on T ∗[1, 0](T [0, 1]M) that are at least linear in momenta and annihilated by LQ where
Q := qf + q˜f , qf = θ
α ∂
∂φα
, q˜f = −ωα
∂
∂χα
, (C.1)
is the nilpotent vector field on T ∗[1, 0](T [0, 1]M) of bi-degree (0, 1) that is the uplift of the de Rham
differential on M . Such forms are LQ exact and admit potentials that are Diff(M) covariant. To
demonstrate this, let us study the problem
LQF = J , LQJ = 0 . (C.2)
Introducing the nilpotent vector field
Q := q˜f , q˜f = −χα
∂
∂ωα
, (C.3)
of bideg(Q) = (0,−1), we can define the homotopy contracting vector field
N := {Q,Q} = ωα
∂
ωα
+ χα
∂
∂χα
, (C.4)
without breaking the Diff(M) covariance. If we expand
F =
∑
p,q,r
F[p|q,r] , degE(F[p|q,r]) = p , bideg(F[p|q,r]) = (q, r) , (C.5)
idem J , where thus
q > p > 0 . (C.6)
then it follows from
[Q,N ] = 0 = [Q,N ] , (C.7)
and
LNF[p|q,r] = qF[p|q,r] , (C.8)
that we can fix the value of q. Moreover, from the assumption on the the dependence of F on
the momentum variables (ωα, χα) it follows that
q > 1 . (C.9)
Hence,
F = (LN )
−1LQJ + LQG , (C.10)
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whose decomposition into definite quantum numbers read
F[p|q,r] = q
−1LQJ[p|q,r+1] + LQG[p|q,r−1] , (C.11)
and we can choose G such that
LQG = 0 . (C.12)
Zero-form (p = 0). A function F on T ∗[1, 0](T [0, 1]M) that is at least linear in momenta can
be expanded as
F =
∑
q>1
F(q) , F(q) =
∑
m+n=q
F(m,n) , F(m,n) =
1
m!n!
ωmα[m] χ
n
β(n) F
α[m],β(n)
(m,n) , (C.13)
using a notation in which α[m] and β(n) stand for m antisymmetric and n symmetric indices,
respectively. Thus, if QF = 0, then F(q) = QG(q) where one can choose QG(q) = 0, which in
particular implies that G(q)|χα=0 = 0. It is instructive to arrive at this result by instead relying
on the local Poincare` lemma on M . To this end, in the simplest case, one has
F(1) = F(1,0) + F(0,1) = ωαF
α
(1,0) + χαF
α
(0,1). (C.14)
It follows that
QF(1) = −ωα qfF
α
(1,0) + χα qfF
α
(0,1) + ωαF
α
(0,1) (C.15)
and thus, imposing QF(1) = 0, one has the conditions
Fα(0,1) − qfF
α
(1,0) = 0 , qfF
α
(0,1) = 0, (C.16)
whose general solution is given by
Fα(0,1) = qfG
α
(0,1) , F
α
(1,0) = G
α
(0,1) + qfG
α
(1,0) . (C.17)
Plugging it back into (C.14) one obtains F(1) = QG(1), with
G(1) = ωαG
α
(1,0) + χαG
α
(0,1) . (C.18)
The symmetry transformations
δGα(0,1) = qfΛ
α
(0,1) , δG
α
(1,0) = Λ
α
(0,1) + qfΛ
α
(1,0) , (C.19)
can be used to set Gα(1,0) = 0, and one concludes that
G(1) = χαG
α
(0,1) , QG(1) = 0 . (C.20)
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Turning to the case of q = 2, which concerns the Hamiltonian function, we insert
F(2) =
1
2
χ2β(2)F
β(2)
(0,2) + ωαχβF
αβ
(1,1) +
1
2
ω2α[2]F
α[2]
(2,0) (C.21)
into QF(2) = 0, which yields the Cartan integrable system
qfF
α(2)
(0,2) = 0 , (C.22)
qfF
α,β
(1,1) + F
αβ
(0,2) = 0 , (C.23)
qfF
β[2]
(2,0) + 2F
[β,β]
(1,1) = 0 , (C.24)
with general solution
Fα(2)(0,2) = qfG
α(2)
(0,2) , (C.25)
Fα,β(1,1) = −qfG
α,β
(1,1) − G
α(2)
(0,2) , (C.26)
Fβ[2](2,0) = qfG
β[2]
(2,0) + 2G
[β,β]
(1,1) . (C.27)
It follows that F(2) = QG(2), with
G(2) =
1
2
χβ(2)G
β(2)
(0,2) + ωαχβG
αβ
(1,1) +
1
2
ωα[2]G
α[2]
(2,0) , (C.28)
modulo symmetry transformations. Using the parameters of Fα(2)(0,2) and F
[α,α]
(1,1) to eliminate G
(α,α)
(1,1)
and G[β,β](0,2) , respectively, we arrive at
G(2) =
1
2
χβ(2)G
β(2)
(0,2) + ωαχβG
[αβ]
(1,1) , QG(2) = 0 . (C.29)
The general case follows the same pattern, such that if QF(q) = 0 then we can write F(q) = QG(q)
where
G(q) =
q−1∑
m=0
1
m!(q−m)! ω
m
α[m] χ
q−m
αβ(q−m−1) G
[α[m],α]β(q−m−1)
(m,q−m) , QG(2) = 0 . (C.30)
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